The proofs of A. Villani on inclusion relations among classical Lebesgue spaces are dicussed. The techinque of using closed graph theorem, due to Villani, is applied to derive results on inclusion relations among some more additional spaces. An application of automatic continuity of multiplicative linear functionals on Banach algebras is found.
Introduction
Let (X, M , µ) be a positive measure space. For 1 ≤ p ≤ ∞, let (L p , . p ) denote the classical Lebesgue space derived from (X, M , µ). Each (L p , . p ) is a Banach space. The natural question about the inclusion relation is: when does the relation L p ⊂ L q hold, for p < q or q < p ? This question appears in some text books. This question also appears in some research notes (see: [1] , [5] and [6] ). The answer of this question appears in such notes, because of the techniques applied to derive the answer. One note of A. Villani [6] applies the closed graph theorem to derive the answer. So, the first part of the article is to be present the work of A. Villani [6] , which uses the closed graph theorem of functional analysis. The second part of this article presents an application of the following result to obtain an extended answer: Every multiplicative linear functional on a Banach algebra is continuous. Let 
The next section presents proofs of Villani [6] for these theorems based on the closed graph theorem. Observe that the case of assuming ∞ is not included in the Theorem 1.2. We shall need the following two results (see: [2] [7], [8] , [9] , [10] , [11] , [12] and [13] ) to apply the closed graph theorem.
is a Cauchy sequence in L p with limit f , then (f n ) has a subsequence which converges pointwisely to f almost everywhere on X.
is a cauchy sequence in L ∞ with limit f , then (f n ) converges pointwisely to f almost everywhere on X.
Standard inclusion relations
This section presents proofs of Villani [6] for the Theorems 1.1, and 1.2, which are based on the closed graph theorem.
The set theoretic inclusion L p ⊂ L q implies that the inclusion map I : L p −→ L q is continuous.
Proof: Let (f n ) be a sequence which converges to f in L p ; and suppose (f n ) converges to g in L q . Then, by Lemma 1.3, (f n ) has a subsequence (g m ) which converges pointwisely to f almost everywhere. The same reason implies that (g m ) has a subsequence (h k ) which converges pointwisely to g almost everywhere. So, (h k ) converges pointwisely to f as well as to g almost everywhere. So f = g almost everywhere. This shows that the inclusion map I has closed graph. So, the closed graph theorem implies the continuity of I.
So, we applied the closed graph theorem in our development.
Proof of the Theorem 1.1: (i) ⇒ (ii): Suppose that (i) is true. By Lemma 2.1, the inclusion map I : L p −→ L q is continuous. So, there is a positive constant k such that
as n → ∞. So, µ(E n ) → 0 as n → ∞. By condition (ii), there is an integer n 0 such that µ(E n ) = 0 for every n ≥ n 0 . Therefore |f | ≤ n 0 almost everywhere on X. 
This shows that the Theorem 1.2 cannot be extended to the case q = ∞. However, we have the following theorem
The following are equivalent:
Can we replace L ∞ by some other spaces so that Theorem 1.2 can be extended to those spaces ? The answer is 'yes'. One such space is the dual of L 1 (See: [4] ). However, another simple space will be discussed here. 
One can also give an independent proof based on the arugments used to establish the Theorem 1.1. So, we have spaces to fill up the gap (case: ∞) in the Theorem 1.2. But, we achieved this through a new equivalence relation '¬' defined above. The usual equivalence relation can also be used to fill up the gap (case: ∞) in the Theorem 1.2. This is achieved in the next secion. In the next section two functions are equivalent if and only if they are equal almost everywhere on the entire set X. 4 The space C 0
This C 0 becomes a closed subspace of (L ∞ , . ∞ ), when members of C 0 are usual equivalence classes. So, (C 0 , . ∞ ) is a Banach space. 
Proof: (i) ⇒ (ii): The arugment used for Theorem 3.4 ((i) ⇒ (ii))is applicable. (ii) ⇒ (iii): Since C 0 can be identified as a subspace of L ∞ qt , Theorem 3.4 can be applied to derive this implication. 
En |f | p dµ ≥ 1 n p µ(E n ) and hence E n ∈ M ∞ , for every n. Also, f χ X\En ∞ → 0 as n → ∞. So, f ∈ C 0 , and hence (iii) is true. The conditions (ii) of earlier theorems can be changed into other forms. Two non trivial forms are presented in this section. We shall use the result: Every multiplicative linear functional on a Banach algebra is continuous.
The following are equivalent: 
Let F 1 , F 2 , · · · or F 1 , F 2 , · · · , F k be the set of all atoms in M 0 ∩ M ∞ such that a F i = 0. We lose no generality by assuming that these atoms are mutually disjoint.
there is a number b i such that g assumes b i almost everywhere in F i ; and hence
. This is an application of (ii) and continuity of T .
It is easy to verify that T = f 1 .
On the other hand, every f ∈ L 1 corresponds to a continuous linear functional T on C 0 such that T (g) = X f gdµ, for all g ∈ C 0 ; and it is easy to verify that This shows that T should be zero functional; and this is a contradiction. Therefore L 1 cannot be the dual of C 0 . This completes the proof.
We observe that the following are equivalent:
(i) There are E 1 , E 2 ∈ M such that X = E 1 ∪ E 2 , E 1 ∩ E 2 = φ, E 1 ∈ M ∞ , and µ(E 2 ) = 0 or E 2 is an atom of infinite measure.
(ii) sup E∈M∞ µ(E) < ∞ If this condition (i) is true, then the dual of L 1 is L ∞ qt , because L ∞ qt is equivalent to L ∞ on E 1 , the set mentioned in (i). So, we have the following theorem. 
